ABSTRACT. The warped product M 1 × F M 2 of two Riemannian manifolds (M 1 , g 1 ) and (M 2 , g 2 ) is the product manifold M 1 × M 2 equipped with the warped product metric g = g 1 + F 2 g 2 , where F is a positive function on M 1 . The notion of warped product manifolds is one of the most fruitful generalizations of Riemannian products. Such a notion plays very important roles in differential geometry as well as in physics, especially in general relativity. In this paper we study warped product manifolds endowed with a Tripathi connection. We establish some relationships between the Tripathi connection of the warped product M to those M 1 and M 2 .
INTRODUCTION
In 1969, R. L. Bishop and B. O'Neil [2] introduced the concept of warped products, which were used to construct a large class of complete Riemannian manifolds with negative sectional curvature. Warped product have significant applications, in general relativity, in the studies related to solution of Einstein's equations. Besides general relativity, warped product structures have also generated interest in many areas of geometry, especially due to their role in construction of new examples with interesting curvature and symmetry properties. Let (M 1 , g 1 ) and (M 2 , g 2 ) be two Riemannian manifolds and F be a positive differentiable functions on M 1 . Consider the product manifold M 1 × M 2 with its projections π : M 1 × M 2 → M 1 and σ : M 1 × M 2 → M 2 . The warped product is the product manifold M 1 × M 2 with the Riemannian structure g = g 1 ⊕ F 2 g 2 given by
where F is a positive function on M 1 . We denote the warped product of Riemannian manifolds (M 1 , g 1 ) and (M 2 , g 2 ) by M 1 × F M 2 and we refer to (M 1 , g 1 ) and (M 2 , g 2 ) as the base and the fiber of the product, respectively. The function F is called the warping function. If the warping function F is constant then the warped product M 1 × F M 2 is a direct product, which we call as trivial warped product. The study of warped product manifolds has become a very active research subject (See [3] and reference therein). Let ∇ be a linear connection in an n-dimensional differentiable manifold M. The torsion tensor T and the curvature tensor R of ∇ are given, respectively by
The connection ∇ is symmetric if its torsion tensor T vanishes, otherwise it is non-symmetric. The connection ∇ is a metric connection if there is a Riemannian metric g in M such that ∇g = 0, otherwise it is non-metric. It is known that ∇ is the Levi-Civita connection of a Riemannian metric if the holonomy group of ∇ is a subgroup of the orthogonal group O(n) ( [11] ).
In 2008, Tripathi introduced a new connection in a Riemannian manifold, which is a natural extension of several symmetric, semi-symmetric and quarter-symmetric connections. He proved the following result.
where P, P 1 , P 2 are vector fields on M and Φ 1 , Φ 2 are symmetric and skewsymmetric parts of the (0, 2) tensor Φ such that
Then there exists a unique connection ∇ in M given by
which satisfies 6) and
where T is the torsion tensor of ∇.
In this paper, we call this new connection as the Tripathi connection. The aim of this paper is to consider warped product manifolds with a Tripathi connection and investigate relationships between the Tripathi connection of M and those of the base M 1 and the fiber M 2 . The outline of the paper is as follows. In section 2, we recall some basic notion on warped product manifolds used in [8] . In section 3, we establish the relationships between the Tripathi connection of a warped product and those of the base and the fiber. Finally, the last section is devoted to the special cases of Tripathi connections.
WARPED PRODUCT RIEMANNIAN MANIFOLDS
Let (M 1 , g 1 ) and (M 2 , g 2 ) be two Riemannian manifolds and let F > 0 be a smooth function on M 1 . The warped product M = M 1 × F M 2 is the product manifold M 1 × M 2 equipped with the metric tensor
The manifold M 1 is called the base of M and M 2 the fiber. It is easy to see that the fibers {p} × M 2 = π −1 (p) and the leaves M 1 × {q} = σ −1 (q) are submanifolds of M, and the warped metric is characterized by (1) for each q ∈ M 2 , the map π| M 1 ×{q} is a isometry onto M 1 ; (2) for each p ∈ M 1 , the map σ| {p}×M 2 is a positive homothety onto M 2 ; (3) for each (p, q) ∈ M, the leaf M 1 × {q} and the fiber {p} × M 2 are orthogonal at (p, q).
Vectors tangent to leaves are horizontal, vectors tangent to fibers are verticals. We denote by H the orthogonal projection of T (p,q) M onto its horizontal subspace T (p,q) (M 1 × {q}), and by V the projection onto the vertical subspace T (p,q) ({p} × M 2 ). Now we denote by tan for the projection V onto T (p,q) ({p} × M 2 ) and nor for the projection onto
The relation of a warped product to the base M 1 is almost as simple as in the special case of a semi-Riemannian product. However, the relation to the fiber M 2 often involves the warping function F .
Thus there should be no confusion if we simplify the notation by writing h for h • π and grad h for grad(h • π).
The Levi-Civita connection of M = M 1 × F M 2 is related to those M 1 and M 2 as follows. 
, we have:
WARPED PRODUCT MANIFOLDS ENDOWED WITH A TRIPATHI

CONNECTION
In this section, we consider warped product manifolds with respect to the Tripathi connection and we prove the following results.
Proof. From the Koszul formula we have
for all X, Y, Z on M, where∇ is the Levi-Civita connection of M.
(1) For any vector fields X, Y ∈ Γ(T M 1 ) and V ∈ Γ(T M 2 ), the equation (3.1) reduces to
for any vector fields X, Y ∈ Γ(T M 1 ) and V ∈ Γ(T M 2 ). From the equation (1.4), since X, Y are lifts from M 1 and V is vertical, we have
Hence, the equation (3.3) reduces to 
for all vector fields X, Y on M 1 and V on M 2 . Since, g(V, Y ) = 0 and from (3.4), the above equation turns into
From the equation (3.1) and the definition of the Tripathi connection (1.5), we obtain
Since X, φ 1 X are horizontals and φ 2 V, [V, W ] are verticals, we have:
Hence we find
From the definition of the warped product metric, we have
Then by making use of F instead of F • π, we get
Hence, we get
Since the term g M 2 (V, W )•σ is constant on leaves, the above equation turns into
By making use (3.8) in (3.7), we obtain
Taking P, P 1 , P 2 ∈ Γ(T M 1 ), we have
By using the definition of the torsion tensor of the Tripathi connection, we have
which means that
Then we get
so we obtain the (2) of the Proposition. (3) From the covariant derivative with respect to the Tripathi connection, we have
for any vector X on M 1 and V, W on M 2 . Since g(X, V ) = 0, the above equation reduces to
Then, we get
(4) Since V and W are tangent to all fibers, then on a fiber, tan∇ V W is the fiber covariant derivative applied to the restrictions of V and W to that fiber. See [8] for more detail. Thus the proof of the proposition is completed. M 1 ) , V, W ∈ Γ(T M 2 ) and P, P 1 , P 2 ∈ Γ(T M 2 ), we have:
Proof. From equation (3.4) , we obtain
Since P, P 1 , P 2 ∈ Γ(T M 2 ), from (3.12) we get
which gives us (1) and (2) of the Proposition. Similarly, from equation (3.5), we obtain
Since P, P 1 , P 2 ∈ Γ(T M 2 ) and by the use of (3.9), we get
which implies that
Hence we have (3) . From the definition of the torsion tensor, we have
By by making use (1.6) and (3.14), we get
which complete the proof of (4). Similarly taking P,
We obtain that
Hence, we complete the proof of the Proposition.
PARTICULAR CASES
A linear connection is said to be a semi-symmetric connection if its torsion tensor T is of the form
where u is a 1-form. The notion of a semi-symmetric metric connection on a Riemannian manifold was introduced by H. A. Hayden in [6] and K. Yano in [16] studies some of its properties. In equation (1.5), when f 1 = 0 = f 2 , φ = Id, then we obtain a semi-symmetric metric connection given by (K. Yano [16] )
We have the following results: 
In [1] , Agashe and Chafle introduced the notion of semi-symmetric nonmetric connection and studies some of its properties. In equation (1.5), if f 1 = 0, f 2 = −1, φ = Id, u 2 = u, then we obtain a semi-symmetric nonmetric given by (N. S. Agashe and M. R. Chafle [1] )
This connection satisfies
In [9] (respectively, in [13] ), formulas relating the Riemannian curvature tensors, the Ricci curvatures and the scalar curvatures of the Levi-Civita connection and the semi-symmetric non-metric connection (respectively, metric connection) of a warped product Riemannian manifold are presented. The authors characterize also warped product manifolds M × f I and I × f M with a one dimensional manifold I which are Einstein manifolds with respect to a semi-symmetric non-metric connection (respectively, metric connection).
In [5] , S. Golab defined and studied quarter-symmetric linear connections in a differentiable manifold. A linear connection ∇ on an n-dimensional Riemannian manifold (M, g) is called a quarter-symmetric connection if its torsion tensor T of the connection ∇ satisfies
where u is a 1-form and φ is a (1, 1) tensor field. In Particular, if φX = X, then the quarter-symmetric connection reduces to the semi-symmetric connection. Thus the notion of quarter-symmetric connection generalizes the idea of the semi-symmetric connection. If moreover, a quarter-symmetric connection ∇ satisfies the conditions
for X, Y, Z ∈ Γ(T M), then ∇ is said to be a quarter-symmetric metric connection, otherwise it is said to be a quarter-symmetric non-metric connection. Various properties of quarter-symmetric metric connections have studied in [5, 7, 10, 14, 17] . In equation (1.5), if f 1 = 0 = f 2 . Then we obtain a quarter-symmetric metric connection ∇ given by (K. Yano and T. Imai [17] )
We have the following: The properties of quarter-symmetric non-metric connections have been also studied by [4, 12] and by many others authors. In equation (1.5), if f 1 = 0, f 2 = 0, φ 1 = 0. Then we obtain a quarter-symmetric non-metric connection ∇ given by ∇ X Y =∇ X Y − u(X)φX − f 2 g(X, Y )P.
This connection satisfies
∇ X g (Y, Z) = f 2 {u 2 (Y )g(X, Z) + u 2 (Z)g(X, Y )}.
We have the following:
